We consider a risk process generalizing the classical Cramér-Lundberg process. The feature of the process is that its price function depends on the current reserve of an insurance company as well as on its portfolio consisting of a riskless bond and a finite number of risky assets, modeled by geometric Brownian motions. We obtain an analogue of the classical exponential estimate for the ruin probability in this case. It turns out that the estimate for the model with investments is better than the corresponding estimate for the classical model without investments.
Introduction
Since 1903, when Lundberg introduced a collective risk model, the estimation of ruin probabilities of insurance companies has been the main topic in risk theory. Several authors provide various generalizations of the classical risk model. Sometimes the authors include inflation in the model and solve the problem of the estimation of the current value of the money (see [1] - [3] ). The claims are sometimes modeled by a more general point process than the Poisson process, say by the renewal process or by the Cox process (see [4, 5, 2] ). In [6] , the classical risk process contains a stochastic return on investments, modeled by Brownian motion.
Useful from the point of view of applications are the risk models where an insurance company is allowed to buy bonds and stocks in a stock market (see [1, 7] ). Another generalization of the classical model, which we will use in this paper, is due to the dependence of the insurance premiums on the current reserve of the company at every instance. It is natural to assume that an insurer asks for lower premiums if it has a large reserve and vice versa (see [8, 7] ).
The model
In the current paper, we consider the problem of estimation of the ruin probability for an insurance company in the case where the price function depends on the current reserve and the company is allowed to buy a riskless bond and risky asset in a stock market. Our setting generalizes the model studied in the paper [7] in the sense that we allow the insurance company to buy not only a single stock but a finite number of stocks as well as a riskless bond, that is, if we allow the company to diverse its capital. The risk process is described by the following equation (the integrals are understood in a formal way):
where u > 0 is the initial capital of an insurance company, {N t , t ≥ 0} is the Poisson process modelling the flow of insurance claims and which has a constant intensity β > 0, {U k , k ≥ 1} is a sequence of nonnegative identically distributed random variables meaning the insurance payments according to claims (this sequence is assumed to be independent of the stochastic process {N t , t ≥ 0}), p(R s ) is the process of the insurance premiums (price function) depending on the current reserve of the company at a moment s, K i s is the amount of money invested by the insurer in a stock i, i = 1, . . . , n; the rest of the money R s − n i=1 K i s is invested in a riskless bond (deposited in a bank account) with a constant rate δ.
The evolution of the price of stocks is described by the geometrical Brownian motions
where a i > 0 and b i > 0 are fixed constants and where {W i t , t ≥ 0} are standard Brownian motions being independent of the compound Poisson process and such that Cov W i t , W j t = ρ ij t, i = 1, . . . , n, j = 1, . . . , n. Note that the covariance coefficients ρ ij are such that ρ ij = ρ ji and ρ ii = 1.
We assume that the σ-algebras generated by the processes {W i t , t ≥ 0, i = 1, . . . , n}, {N t , t ≥ 0}, and the sequence of random variables {U k , k ≥ 1} are independent.
The supermartingale property of the exponential process
Denote by F = (F t ) t≥0 the filtration generated by the compound Poisson process { N t k=1 U k , t ≥ 0} and processes {W i t , t ≥ 0, i = 1, . . . , n}. In what follows the symbol E t [·] stands for the conditional expectation E[· |F t ].
We assume that the function p(x) and strategies K i s , s ≥ 0, i = 1, . . . , n, are such that equation (1) has a solution in an arbitrary interval [0, T ]. Sufficient conditions for the existence of a solution are discussed in Remark 5 below.
We rewrite equation (1) in the following form:
All the terms in equation (3) are well defined if the strategy K t belongs to the set of admissible strategies, that is, if the strategy K t satisfies the following conditions (K1) and (K2):
(K1) the vector process K t = {K 1 t , . . . , K n t } is predictable with respect to the σalgebra F t ; (K2) P t 0 (K i s ) 2 ds < ∞, i = 1, . . . , n = 1, t ≥ 0. In order to prove that a solution of equation (1) exists we assume that (P1) p(·): R → R + is a measurable nonnegative function. We introduce the following notation: τ (u, K) := inf{t 0: R t (u, K) 0} is the ruin moment of an insurance company with an initial reserve u and investment strategy K. We assume that τ (u, K) = +∞ if R t > 0 for all t > 0.
In what follows we assume that conditions (K1), (K2), and (P1) hold. Denote by h : R + → R + the shifted moment generating function for the random variables U k , k ≥ 1, describing the insurance payments. The shift is chosen such that h(0) = 0; namely,
We make a classical assumption concerning the function h(r); namely we assume that there exists a number r ∞ ∈ (0, ∞] such that h(r) < ∞ for all r < r ∞ and h(r) → ∞ as r ↑ r ∞ . The function h(r) is increasing, concave, and continuous on [0, r ∞ ) (see [4] ).
Next we introduce the process
Substituting R t defined by (3) into the right hand side of the latter equality, we get
Theorem 1. Let conditions (P1), (K1), and (K2) hold for the model described by equality (1) where r > 0 is some number, K t is an investment strategy, and p(x) is the price function. We also assume that
Then the process {X t (u, K, r), t ≥ 0} is a supermartingale with respect to the flow of σ-algebras F t . If
then the process {X t (u, K, r), t ≥ 0} is a local martingale with respect to F t .
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Proof. Interchanging the terms in (5) we get
Now we represent the process {X t (u, K, r), t ≥ 0} in the form of an exponent:
Since the process R t , as a sum of local martingales and processes of bounded variation, is a semimartingale, the process X t (u, K, r) = exp{−rR t (u, K, r)} is a semimartingale in view of Itô's formula applied to the exponential function f (x) = e −rx . Note that the processes t 0 K s i dW i s are square integrable martingales by condition (K2), the process
is a martingale as a compensated process with independent increments, and
K i s ds are stochastic processes of bounded variation. The Itô formula can be written for semimartingale processes in the following form:
where {Y t , t ≥ 0} is a semimartingale and F ∈ C 2 (R) (see [9, pp. 78-79] ). Substituting F (y) = F (y) = F (y) = e y to (7) we obtain
Taking into account (9)-(13) we rewrite relation (8) as follows:
The terms
for N > T and the right hand side tends to zero as N → ∞. In other words, the moments
are Markovian and such that P{τ i N ≤ N } = 1, P{τ i N ≤ τ i N +1 } = 1, and τ i N ↑ ∞ almost surely. Moreover, the processes
. . , n, are square integrable martingales.
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is nondecreasing. We rewrite it in the integral form:
Using the Wald identity we prove for all t ≥ 0 that
Moreover {O t , t ≥ 0} is a process with independent increments; thus the compensated
of stopping times is such that
The latter relation follows from the definition of the process {R t , t ≥ 0}. Note that this process may attain negative values resulting from payments due to insurance payments {U k , k ≥ 1}; however, only a finite number of claims occur during a finite time and the total amount of the payments is finite with probability 1. Thus the process
Using properties of local martingales (see [9, p . 37]) we prove that the process
also is a local martingale whose fundamental sequence is τ N ∧ σ N , N ≥ 1.
Consider the difference
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Substituting the corresponding expressions for the terms on the right hand side we get
The Lebesgue integral on the right hand side of (15) is well defined by conditions (R1)-(R3) and
In its turn, the latter equality follows from (K2) and (R2).
If
is a predictable decreasing process, then the Doob-Meyer decomposition (see, for example, [4, p. 105]) implies that {X t , t ≥ 0} is a local semimartingale. It is obvious that the process V t is predictable, since it is continuous in t. It remains to find conditions under which the process
holds for all T ≥ 0 and t ∈ [0, T ] in view of condition (K3). Thus
is a nonnegative local supermartingale. Now Fatou's lemma implies that X t is a supermartingale with respect to the flow of σ-algebras F t . The theorem is proved.
Remark 1. Assume that t ∧ τ (u) is substituted for the upper limit of integration in conditions (K2), (R1), (R2), and (R3). If condition (K3) holds for all t ∈ [0, τ(u)], then one can prove similarly to Theorem 1 that {X t∧τ (u) , t ≥ 0} is a semimartingale with respect to the flow of σ-algebras F t .
An estimate of the ruin probability
Now we minimize the functional in condition (K3),
over admissible strategies K i s ∈ R, i = 1, . . . , n. It is clear that the point
is a minimum point of functional (16). We find the value of functional (16) at this point:
After some algebra we get
Then equality (18) can be rewritten as follows:
Considering system (17) we obtain
Thus relation (19) can be rewritten as follows:
(20)
One can use the matrix form for the system of equations (17):
Remark 2. The solution of system (21) can easily be found by Cramer's rule if
. . , n, k = 1, . . . , n,
In this case, [10, Problem 227] ), whence we have found the solution of system (21):
In the general case,
Theorem 2. Let condition (P1) hold. Assume that
Let the risk model be described by equation (1) . If the investment strategy K i is constant, that is, if
2b n ρ n3 . . . 1 , i = 1, . . . , n, then the following upper bound holds for the ruin probability:
where r is a unique positive root of the equation
Proof. If the investment strategy (23) is constant, then conditions (K1) and (K2) are obviously satisfied. Condition (K3) also holds in this case, since (K3) follows from the inequality
according to (20) . The maximal value of r for which inequality (26) holds is the one that turns (26) to an equality. This value coincides with a solution of equation (25).
The left hand side of (25) exponentially increases and is a concave function of r that passes the origin, while the right hand side of (25) is a linear function of r that crosses the x-axis at some nonnegative point. Thus there exists a unique intersection point of the graphs of these functions and the abscissa of this point is positive. To prove the linearity of the right hand side of (25) one can substitute the explicit expression from (23) for the strategy and expand the determinant in (23) with respect to the column i.
Assumptions (R1)-(R3) of Theorem 1 follow from the Gronwall inequality applied to an arbitrary interval [0, T ] (see [11, p. 192] ).
Let us, for example, prove the inequality
We find the upper bound for the process |R s |, s ∈ [0, t ∧ τ (u) ∧ T ], by using representation (3), the Gronwall inequality, and property (P1). According to (P1), the function p(·) is bounded; that is, there exists a constant C > 0 such that It is clear that the above equation has a positive root, since the function on the left hand side is convex and passes the origin, while the function on the right hand side is linear with respect to r and crosses the x-axis at a positive point.
Remark 5. Similar to the paper [7] and using the results of [12] , one can prove that if p(·) ∈ C(R) or if p(·) ∈ BV loc (R + ), then equation (1) has a solution for an arbitrary collection of strategies {K i , i = 1, . . . , n} and for an arbitrary interval [0, T ], provided that ρ ij = 0, i = 1, . . . , n, j = 1, . . . , n.
Concluding remarks
Sufficient conditions are found in the paper under which the exponent of a risk process is a local martingale and an upper bound is obtained for the ruin probability of an insurance company. The company is allowed to use its capital and buy a finite number of risky assets and to change the insurance premiums. The upper bound obtained in this paper improves the Cramér-Lundberg estimate for the classical risk model.
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